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Harish-Chandra, - , in-
finitesimal character ,
$Sp(2, \mathbb{R})$
$G$ Lie ( $Sp(2,$ $\mathbb{R})$ ) , $\mathrm{g}$ $G$ Lie , $\mathrm{g}_{\text{ }}$
$\det(t+1-\mathrm{A}\mathrm{d}(x))=\Sigma D_{i}(X)t^{i}$ $(x\in G)$ $0$
$D_{i}$ $i$ $\ell$ $x\in G$ $D_{l}(x)\neq 0$ $x$ regular
, $G$ regular $G’$
1
T $G$ Cartan , $\mathrm{t}$ Lie , $T’=G’\cap\tau$ ,
$G_{T^{\prime=}} \bigcup_{\mathit{9}\in G}\mathit{9}T^{J-1}g$
$(G, T)$ Weyl $W(G, T)(=N_{G}(\tau)/T)$ , $\phi$
$\phi:G/T\cross T^{J}arrow G_{T’}$ ,
$(\dot{g}, t)arrow gtg^{-1}(=\dot{g}t)$




$(\mathrm{g}C’ \mathrm{t}\text{ })$ $\Sigma=\Sigma(\mathrm{g}_{\text{ }}, \mathrm{t}_{c})$ , $\Sigma^{+},$ $\alpha\in\Sigma$
– $X_{\alpha}\in \mathrm{g}_{\mathrm{c}}^{\alpha}$
$\mathrm{A}\mathrm{d}(t)X_{\alpha}=\xi_{\alpha}(t)x_{\alpha}$
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,
$|\det(\mathrm{A}\mathrm{d}(t^{-1})-1)_{1/}g\mathrm{t}|=|\triangle_{\mathrm{t}}(t)|^{2}$
$G$ $G$- Cartan $T_{1},$ $\cdots,$ $T_{k}$




$\pi$ $G$ quasi-simple $f\in C_{c}^{\infty}(G)$ ,
$\pi(f)=\int_{G}f(x)\pi(X)dX$ , $\pi(f)$ trace class $\Theta_{\pi}(f)=$
$\mathrm{T}\mathrm{r}(\pi(f))$ , $\Theta_{\pi}$ $G$ $\pi$
$\Theta_{\pi}$
(4) 1) $\Theta_{\pi}(f)=\Theta_{\pi}(f^{g})$ , $\forall_{g\in G},\forall f\in c^{\infty}C(G)$
2) $Z\cdot\Theta_{\pi}=\lambda(Z)\Theta\pi$ ’ $\forall_{Z\in 3}$ .
$f^{g}(x)=f(\mathit{9}^{X}g^{-}1)$ , 3 g , $\lambda\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{a}}(3, \mathbb{C})$ (infinitesimal
character) $\text{ }$
1), 2) $G$ $\mathfrak{U}(\lambda)$ , $\mathfrak{U}(\lambda)$ infinitesimal
character $\lambda$ Harish-Chandra
Theorem 1([3]) $\Theta\in \mathfrak{U}(\lambda)$ $\Theta$ $G$ $G’$
, $\Theta$ $G’$ $\Theta’$ (4) $1$ ), $2$ )
1)’ $Z\cdot\Theta’=\lambda(z)\ominus^{J}$ , $\forall_{Z\in 3}$ ,
$2)’\Theta’(gxg^{-1})=\Theta’(x)$ , $\forall_{x\in G^{J\forall_{g\in}}G}$,
3 radial component
$G$ $G_{T’}$ conjugation: $G_{T}’,$ $\ni x\vdash+gxg^{-1}$ $f\in C^{\infty}(G_{T’})$ G-
, $X\in U(\mathrm{g}_{c})$ $X$ radial component $T’$ $R(X)$
,
$\overline{(Xf\backslash )}=R(X)\tilde{f}$, $\tilde{f}=f_{|T}’$ .
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$\text{ ^{}\vee}C,$ $S(\mathrm{t}_{\text{ }})\text{ }\mathrm{t}_{c}\text{ }$ symmetric algebra, $W(\mathrm{g}_{c}, \mathrm{t}_{c})-\tau(\mathrm{g}_{c}, \mathrm{t}_{c})\text{ }$ Weyl ffl, $I(\mathrm{t}_{\mathrm{c}})-\tau S(\mathrm{t}_{c})$
$W(\mathrm{g}_{c}, \mathrm{t}_{\mathrm{c}})$ - 3 radial component Harish-Chandra
$\gamma$ : $3arrow I(\mathrm{t}_{C})$
Theorem 2([3]) $Z\in 3$ , $R(Z)=\triangle^{-}l\mathrm{o}\gamma 1(z)0\triangle_{\mathrm{t}}$
$\lambda 0\gamma^{-1}$ $I(\mathrm{t}_{C})$ $\mathbb{C}$ , $\mathrm{t}_{c}^{*}$ $\mu$ $\lambda 0\gamma^{-1}(D)=\mu(D)(^{\forall}D\in I(\mathrm{t}_{c}))$







( : $\triangle,$ $\epsilon,\tilde{\kappa},$ $\kappa$ $\mathrm{t}$ )
Proposition 3 ([6]) $\tilde{\kappa}$ $\kappa$
1) $D\tilde{\kappa}_{\mathrm{t}}=\mu(D)\tilde{\kappa}_{\mathrm{t}}$, $\kappa_{\mathrm{t}}=\mu(D)\kappa_{\mathrm{t}}$ $\forall_{D\in}I(\mathrm{t}_{c})$ ,
2) $\tilde{\kappa}_{\mathrm{t}}(^{w}t)=\epsilon(w)\tilde{\kappa}_{\mathrm{t}}(t)$, $\kappa_{\mathrm{t}}(^{w}t)=\epsilon(w, t)\kappa_{\mathrm{t}}(t)$ , $\forall_{w}\in W(G, T)$ ,
3) $\Theta(f)=\sum_{i=1}^{k}$ ci $\int T_{?}$ )$I^{\nearrow}\mathrm{t}(ift)\kappa i(tdt$ .









$T’(R\mathrm{I}=$ { $t\in T;\xi_{\alpha}(t)\neq 1$
$\forall$ real root $\alpha$ of $(\mathrm{g}_{\text{ }},$ $\mathrm{t}_{C})$ } $0$
Proposition 4 ([6]) $\kappa_{\mathrm{t}},\tilde{\kappa}_{\mathrm{t}}$ $T’(R)$ $\kappa_{\mathrm{t}}$
T
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$T’(R)$ $F$ , $a_{0}\exp H\in F(H\in \mathrm{t})$ Proposition 3 1)
Proposition 4 A $\text{ }$
(6) $\tilde{\kappa}_{\mathrm{t}}(a_{0\mathrm{e}\mathrm{x}}\mathrm{p}H)=\sum p_{w}w\in W(a_{0}, H)\exp(w\mu(H))$
$p_{w}(a_{0}, H)$ $H\in \mathrm{t}$ $W=W(\mathrm{g}_{\text{ }’ C}\mathrm{t})$ $p_{w}$
( : $\mu$ regular ), $\Theta$
Theorem 5 $([1],[10])$ 1)
2) 1
$Sp(2, \mathbb{R})$
4 $Sp(2, \mathbb{R})$ Cartan
$G=Sp(2, \mathbb{R})=\{g\in SL(4, \mathbb{R});{}^{t}gJg=J\}$ , $J=$ 12






$T_{00}=\{\}$ , $\mathrm{t}_{00}=\{H=\}$ .
( $\mathrm{c}_{1}’=\epsilon_{2}=\pm 1$ , )
$T$
$x_{1},$ $x_{2}$













$\mu\in \mathrm{t}^{*}(=\mathrm{t}ij*)$ $\mu(H)=\sum_{=\ovalbox{\tt\small REJECT} 1}^{2}\ell_{i}X_{i}$ $\mu-=(\ell_{1}, \ell_{2})$ infinitesimal
character $\lambda$ $\mu$ Cartan , $\ell_{1},$ $\ell_{2}$
$e_{1}=(1,0),$ $e_{2}=(0,1)$ , $(\mathrm{g}_{\text{ }}, \mathrm{t}_{c})$ $\text{ }$ $\Sigma$ $\Sigma=\{\pm 2e_{i}(i=1,2), \pm e_{1}\pm e_{2}\}$
$rightarrow=\nabla+\{2e_{i}(i=1,2), e_{1}\pm e_{2}\}$ , $W(G, T_{20})\cong\{1, s_{\alpha}\}\subseteq$
$W(\mathrm{g}_{c}, \mathrm{t}_{c})$ – $\alpha=e_{1}-e_{2}$ , $s_{\alpha}$ $\alpha$
$W(\mathrm{g}_{c}, \mathrm{t}_{c})$ $W(G, T_{20})$ $\omega_{1}=1,$ $\omega_{2},$ $\omega_{3},$ $\omega_{4}$ , $\mu=(\ell_{1}, \ell_{2})$
regular integral $H\in \mathrm{t}_{20}$
(8) $\tilde{\kappa}_{20}(\exp H)=\sum_{i=1}^{4}\{\exp(\omega_{i}\mu(H)-\exp(s\omega_{i}\alpha\mu(H)\}$
$= \sum_{\nu_{i}=\pm 1}C_{\iota}\text{ }1\nu_{2}$
, $\delta_{i}=e^{x_{i}}$ $(i=1,2)$
Theorem 6([4]) $l_{1}>\ell_{2}>0$ , $l\ovalbox{\tt\small REJECT}_{i}.=\pm 1$ , $Sp(2, \mathbb{R})$
(2 ) $\pi_{\lambda_{:^{\nu_{1}}},\nu_{2}}$ , $\Theta_{\lambda,\nu_{1},\nu_{2}}$ T2
(9) $\tilde{\kappa}_{20}(\exp H)=\triangle\cdot\Theta’\lambda,\nu_{1,2}\nu(\exp H)=-\iota \text{ }1^{l^{\text{ }}}2$
( $\nu_{1}=I\ovalbox{\tt\small REJECT}_{2}=1$ holomorphic )
45
5 Cartan
Cartan $A$ $B$ $(\mathrm{g}, a)$ real root $\alpha$ Cayley $\iota\ovalbox{\tt\small REJECT}_{\alpha}$
$\mathrm{b}=\mathrm{g}\cap\iota^{\ovalbox{\tt\small REJECT}_{\alpha}}(\alpha C)$ $A’(R),$ $B’(R)$ $F_{A},$ $F_{B}$
$\overline{F}_{A}\cap\overline{F}_{B}$ $G$ semi-regular $\Sigma^{+}(\mathrm{g}_{\text{ }’\text{ }}\mathrm{b})=l\ovalbox{\tt\small REJECT}_{\alpha}(\Sigma^{+}(\mathrm{g}\text{ }’ a_{\mathrm{C}}))$
$\text{ }$ semi-regular $t_{0}\in\overline{F}_{A}\cap\overline{F}_{B}$
(10) $\frac{d\tilde{\kappa}_{\alpha}}{dt}(t_{0^{\mathrm{e}\mathrm{x}}}\mathrm{p}tH)\alpha|t=0=\frac{1}{\sqrt{-1}}\frac{d\tilde{\kappa}_{\mathrm{b}}}{dt}(t_{0}\exp t\sqrt{-1}H_{\beta})|t=^{0}$
$\beta$ $\beta(X)=\alpha(l_{\alpha}^{\ovalbox{\tt\small REJECT}}-. 1(x))$ $(\mathrm{g}_{c}, \mathrm{b}_{\text{ }})$ , $H_{\alpha},$ $H_{\beta}$ Killing form
$a,$
$\sqrt{-1}\mathrm{b}$ , $F_{A}$
$Sp(2, \mathbb{R})$ $T_{20}$ $\tau_{10},$ $\tau_{10}$ Too, T2 $T_{01},$ $T_{\mathit{0}1}$ Too
6 height
Lie $G$ , Cartan $A$ $G$- $[A]$
$[A]$
.
$[B]$ $g\in G$ $\mathrm{b}=\mathrm{A}\mathrm{d}(g)\{\mathrm{g}\cap\iota\ovalbox{\tt\small REJECT}_{\alpha}(\alpha c)\}$ $[A]<[B]$
$<$ $G$ Cartan Car$(G)$
$Sp(2, \mathbb{R})$ [Too] $<[T_{1}\mathrm{o}]<[T_{2}\mathrm{o}]$ [Too] $<[T_{01}]<[T_{2}\mathrm{o}]$
$G$ $\Theta$
Supp(O) $=\{[T]\in \mathrm{c}_{\mathrm{a}}^{1}1(G);\Theta_{1}’\tau’\neq 0\}$ ,
, Supp(O) maximal $0$ height height 1
Car(G) $0$ extremal
Theorem 7([6]) $[T]$ $\Theta$ height $\kappa_{\mathrm{t}}$ $T$
(11) $\mathfrak{B}(T, \mu)=\{f\in C^{\infty}(T);2)1)$ $\backslash D.\mathrm{f}=f(^{w}t)=\epsilon\mu(D).’\forall_{D}\in(w_{\mathrm{f}()}t)f(t)\forall wI\{_{C}\in W(G, T)\}$
, Theorem 7 $\kappa_{\mathrm{t}}\in \mathfrak{B}(T, \mu)$ $\mathfrak{B}(T, \mu)\neq\{0\}$ ,
Theorem 8([7]) Harish-Chandra $\mu\in \mathrm{t}^{*}$ $\lambda\in \mathrm{H}_{\mathrm{o}\mathrm{m}_{\mathrm{a}\mathrm{l}}}(\mathrm{g}3, \mathbb{C})$
$\mathfrak{B}(T, \mu)\ni\varphi\neq 0$ , extremal $\Theta\in \mathfrak{U}(\lambda)$




$\dim \mathfrak{U}(\lambda)=\sum_{[\tau \mathrm{J}}\mathrm{d}\mathrm{i}\ln \mathfrak{B}(\tau, \mu)$
$G=Sp(2, \mathbb{R})$ i nitesimal character $\lambda$ $\mu=(\ell_{1}, \ell_{2})$
integral $\ell_{1}>\ell_{2}>0$ , $(T_{ij,\mu})$ $\mathrm{t}=\mathrm{t}_{ij}$
$W=W(\mathrm{g}_{c}, \{_{c})$ , $\dim \mathfrak{B}(T20, \mu)=|(W/W(G, \tau 20))|=4$
$W(G, T\mathit{0}1)\cong\{1, s_{e_{1}-e}ss-e_{2}s\}2’ e_{1}+e2’ \mathrm{e}1e1+e2$ , $\mathrm{d}\mathrm{i}\ln \mathfrak{B}(\tau_{\mathit{0}1}, \mu)=$
$|(W/W(G, T_{\mathit{0}1}))|=2$ $T_{10}$ , Too
$T_{10}^{0}=\{t\in T_{10};\epsilon_{1}=1\}$ , $T_{10}^{1}=\{t\in T_{10};\epsilon_{1}=-1\}$ ,
$T_{00}^{0}=\{t\in T_{00};\epsilon_{1}=\epsilon_{2}=1\}$ , $T_{00}^{1}=\{t\in T_{00}; \epsilon_{1}=-\epsilon_{2}=1\}$ ,
$\tau_{00}^{2}=\{t\in T_{00};\epsilon_{1}=\epsilon_{2}=-1\}$
$G$ $F$ $W(G, F)$ $gFg^{-1}\subseteq F$ $g\in G$
$F$ $T_{ij}^{k}$
(13) $\mathfrak{B}(T_{ij}^{k}, \mu)=\{f\in C^{\infty}(T_{ij}^{k});2)1)$ $.D.t=\mathrm{f}(^{w}t)=\epsilon\mu(D(w_{\mathrm{f}\in I}).’ t).f(t)\forall_{w}W\forall_{D}((\mathrm{t}_{i}\in j)\grave{\mathrm{C}})(G, T^{k})ij\}$
$\dim \mathfrak{B}(T_{ij}, \mu)=\Sigma.$ dil
$k$
n $\mathfrak{B}(T^{k},)ij\mu$ , $|(W/W(G, T^{k})ij)|=\dim \mathfrak{B}(\tau^{k}ij’\mu)$
(14) $\mathfrak{B}(T_{10,\mu})=4+4=8$ , $\mathfrak{B}(T_{00}, \mu)=1+2+1=4$
infinitesimal character $\lambda$ ( $\mu$ $(\ell_{1},$ $\ell_{2})$ )
18
7





$I\mathrm{i}^{\Gamma}$ $G$ , $\mathrm{g}=\not\in+\mathfrak{p}$ Cartan , $G\ni g=$
$k\exp X$ $(k\in K, X\in \mathfrak{p})$ $B$ $\mathrm{g}$ Killing form , $\sigma(g)=B(X, X)^{\frac{1}{2}}$
,
(15) $\tilde{\mathfrak{U}}(\lambda)=$ { $\Theta\in \mathfrak{U}(\lambda)$ ; $\Theta$ },
(16) $\overline{\mathfrak{B}}(T, \mu)=\{f\in \mathfrak{B}(T, \mu); \exists_{S}$. $\geq 0 \sup_{t\in T}, |1+\sigma(t)|^{-S}|.\mathrm{f}(t)|<\infty\}$ ,
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Theorem 9([7]) Harish-Chandra $\mu\in \mathrm{t}^{*}$ $\lambda\in \mathrm{H}\mathrm{o}\mathrm{m}_{\mathrm{a}}(3, \mathbb{C})$
$\mu\in \mathrm{t}^{*}$ regular $\overline{\mathfrak{B}}(T, \mu)\neq\{0\}$ , $\varphi\in \mathfrak{B}(T, \mu)$
extremal $\Theta\in\tilde{\mathfrak{U}}(\lambda)$ 1




) (Theorem 6) Cartan
4 $t$ ([8])
$T_{20}$ : $\triangle\cdot\Theta_{\lambda,\nu_{1},\nu_{2}}=\tilde{\kappa}_{20}(t)=-$ $(\delta_{i}=e^{x_{i}})$
$T_{10}$ : $\triangle\cdot\Theta_{\lambda,\nu_{1},\nu_{2}}=\tilde{\kappa}_{10}(t)=-$ $(\delta_{1}=\epsilon_{1}e^{\tau}.1, \delta_{2}=e^{x2}, t_{1}>0)$
$T_{01}$ : $\triangle\cdot\Theta_{\lambda,\nu_{1},\nu_{2}}=\tilde{\kappa}_{01}(t)=-$ $(\delta_{i}=e^{x}, \tau>i0)$
$T_{00}$ : $\triangle\cdot\Theta_{\lambda,\nu\nu_{2}}1\cdot=\tilde{\kappa}_{00}(t)=-$
( $t\in$ $T_{00}^{0}$ $T_{00}^{2},$ $\delta_{i}=\epsilon_{i}e^{x_{i}},$ $t_{1}>t_{2}>0$ )
$=-$ $(t\in T_{00}^{1}, \delta_{i}=\epsilon_{i}e^{x_{i}}, t_{1}>0, t_{2}>0)$





$=b_{0}\delta_{12}^{-^{pl}}1\delta 2+b_{1}\delta^{-l}1\delta_{2}-l_{2}+1\delta^{-}b_{212}l2\delta l_{1}+b_{3}\delta_{1}^{-l}2\delta_{2}-\ell 1$ .
Tl $T_{20}$ $\alpha=2_{C_{1}},$ $\beta=\nu_{\alpha}(\alpha)$
(19) $\frac{d\tilde{\kappa}_{10}}{dt}(t_{0}\exp tH_{\alpha})|t=0=-b_{0}\ell_{1}\delta^{l_{2}}2-b_{112}\ell\delta^{-l_{2}}-b_{2}\ell_{2}\delta_{2}\ell_{1}-b_{322}\ell\delta^{-l_{1}}$









Cartan involution $\theta$ , $\theta$- Cartan $T=(T\cap K)A$ , $A$ $G$
centralizer $MA$ P=MAN $P_{0}$ ( ) cuspidal
$T\cap K$ $M$ compact Cartan $\sigma$ $M$
, $e^{\nu}$ $A$ – , $P$
$\pi_{P,\sigma,\nu}=\mathrm{I}\mathrm{n}\mathrm{d}_{M}^{c_{AN}}(\sigma\otimes e^{\nu}\otimes 1)$
$Sp(2, \mathbb{R})$ , $T$ $M$
$\tau_{00:}$ $M=\{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\epsilon_{1}, \epsilon_{2}, \epsilon_{1,2}\epsilon); \epsilon_{i}=\pm 1\}$
$T_{10}$ : $M=SL(2, \mathbb{R})\cross\{\pm 1\}$
$T_{01}$ : $M=SL^{\pm}(2, \mathbb{R})$
$T_{00}$ , $M$
$\sigma$ , $e^{\nu}$ infinitesimal character
regular , height $T_{20}$ extremal ,
singular tra-nslation principle , $\pi_{P,\sigma,\nu}$
(sub)quotient , (10)
–
, regular $\pi_{P.\sigma,\nu}$ (sub)quotient ,
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